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Abstract
Over many decades, the word “double” has appeared in various con-
texts, at times seemingly unrelated1. Several have some relation to mathe-
matical physics. Recently, this has become particularly strking in DFT
(double field theory).
Two ‘doubles’ that are particularly relevant are
• double vector bundles and
• Drinfel’d doubles.
The original Drinfel’d double occurred in the contexts of quantum groups
[Dri92] and of Lie bialgebras [Dri93].
Quoting T. Voronov [Vor12]:
1Compare the over use of twisting.
2 Andreas Deser and Jim Stasheff
Double Lie algebroids arose in the works on double Lie grou-
poids [Mac92a], [Mac00a] and in connection with an analog for
Lie bialgebroids of the classical Drinfel’d double of Lie bialge-
bras [Mac92b], [Mac98].. . . Suppose (A,A∗) is a Lie bialgebroid
over a base M .. . .Mackenzie in [Mac92a], [Mac98], [Mac00b]
and Roytenberg in [Roy99] suggested two different construc-
tions based on the cotangent bundles T ∗A and T ∗ΠA, respec-
tively. Here Π is the fibre-wise parity reversal functor.
Although the approaches of Roytenberg and of Mackenzie look very
different, Voronov establishes their equivalence. We have found Royten-
berg’s version to be quite congenial with our attempt to interpret the
gauge algebra of double field theory in terms of Poisson brackets on a
suitable generalized Drinfel’d double. This double of a Lie bialgebroid
(A,A∗) provides a framework to describe the differentials of A and A∗ on
an equal footing as Hamiltonian functions on an even symplectic super-
manifold. A special choice of momenta explicates the double coordinates
of DFT and shows their relation to the strong constraint determining the
physical fields of double field theory.
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1 Introduction
Closed string theory on a toroidal target space has the peculiarity of exhi-
biting two sets of momentum-type variables: One canonically conjugate to the
standard center of mass position coordinates and another describing the winding
degrees of freedom of a closed string around a compact cycle on the target space.
Associating to the latter canonically conjugate coordinates, one is lead to double
the number of configuration space coordinates.
The mass spectrum of a quantized closed string on a toroidal geometry of
length scale R enjoys a distinctive symmetry, called T-duality which inverts
the scale R 7→ l2s/R (ls is called the fundamental string length) and simulta-
neously exchanges standard momentum and winding quantum numbers. As a
consequence, on the classical level the aim for a space-time description of the
massless sector of a closed string (incorporating the metric Gij a two-form Bij
and a scalar dilaton Φ) having a manifest T-duality symmetry requires a field
theory being covariant under the exchange of the two sets of configuration space
coordinates, or more generally under O(d, d)-transformations.
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Historically, double field theory (DFT) [Sie93, HZ09a, HHZ10a, HHZ10b]
was a proposal to incorporate these transformations as a symmetry of a field
theory defined on a double configuration space with coordinates (xi, x˜j).
Prior to doubling, there was a need to find a common setting for both diffeo-
morphisms and B-field gauge transformations. This is already the basic idea of
generalized geometry, combining vector fields and one-forms into a single object.
Formally, on a manifoldM, one introduces a generalized tangent bundle E which
is a particular extension of T by T ∗. This construction is a typical example of
a Courant algebroid [LWX97b] arising from a Lie bialgebroid [Mac05, MX94].
B-field transformations are automorphisms of the Courant bracket for the case
of dB = 0, whereas for general B-fields, gerbes are used.
For application to DFT, the use of doubles in the Drinfel’d sense suggests
itself. Consider (TM, T ∗M) or more generally (A,A∗) as a Lie bialgebroid
over a base M . Mackenzie in [Mac98], [Mac11], and Roytenberg in [Roy99]
suggested two different constructions based on the cotangent bundles T ∗A and
T ∗ΠA, respectively. Here Π is the fibre-wise parity reversal functor. Although
the approaches of Roytenberg and of Mackenzie look very different, T. Voronov
[Vor12] establishes their equivalence. We have found an elegant and unifying
language for Lie bialgebroids, Courant algebroids and their exterior algebras
using even symplectic supermanifolds as given by Roytenberg in [Roy99], see
also [Roy02b, Roy02a]; a translation into Mackenzie’s formalism might serve as
well, but physicists seem comfortable with supermanifolds.
Whereas the relation of the “supermathematical” viewpoint to generalized
geometry and its physical applications is clear and precise, it is natural to ask
about its relation to double field theory. Conversely, a precise definition of
double fields and an understanding of the gauge algebra of DFT could lead to
new insights on the physics of double fields, e.g. the incorporation of three-form
fluxes and three-tensors in a mathematically precise way.
In the following, we start by reviewing the basic mathematical language
of Lie bialgebroids, Courant algebroids and doubles. Then we introduce even
symplectic supermanifolds as used in [Roy99] as well as basic facts of double
field theory, especially the algebra of its gauge transformations. These sections
are intended to present only the minimal amount of material needed to follow
the rest of the exposition. The section following these more introductory parts
contains the main result: an interpretation of double fields in terms of functions
on a suitable double of a Lie bialgebroid.
As a result, we will derive the C-bracket of DFT by using the Poisson algebra
on the underlying supermanifold and reveal it as a Courant bracket; only the
Even symplectic supermanifolds and double field theory 5
formula seemed to indicate it was something more unusual. As applications, we
will elaborate on the strong constraint of DFT and on a special projection of
it to standard generalized geometry by dropping the winding coordinates. We
conclude with an outlook on possible advantages of the established formalism.
2 The language: Lie bialgebroids and various ‘Drin-
fel’d’ doubles
We begin by reviewing the subject of Lie bialgebroids [Mac05] and then turn
to the “supermathematical” viewpoint, closely following the clear and detailed
exposition of the subject given in Roytenberg’s thesis [Roy99]. Starting with
a Lie algebroid A and its dual A∗ and applying the parity reversal functor Π
to fibres, it is possible to recast the Lie bialgebroid condition in terms of the
canonical even symplectic structure on the cotangent bundle of ΠA.
2.1 Lie bialgebroids and Courant algebroids
Lie algebroids are a common generalization of the tangent bundle and Lie
algebras. They are vector bundles equipped with a Lie bracket on the sec-
tions of the bundle and should not be thought of as “bundles of Lie alge-
bras”. Besides the use in Poisson-geometry, they have been used recently in
physics, especially in the application of generalized geometry and string theory
[Vai12, BDPR13, BDP+13]. The precise definition is
Definition 1. A vector bundle A→M , equipped with a skew-symmetric bracket
[·, ·]A on the space of sections Γ(A) satisfying the Jacobi identity, and a bundle
homomorphism a : A → TM (termed anchor) is called Lie algebroid if the
following Leibniz rule holds:
[X, fY ]A = f [X,Y ]A +
(
a(X)f
)
Y , (1)
for X,Y ∈ Γ(A) and f ∈ C∞(M).
As a consequence, on the exterior algebra of sections in the dual bundle
Γ(∧•A∗), it is possible to define the Chevalley-Eilenberg differential:
dAω(X0, . . . , Xk) =
k∑
i=0
(−1)ia(Xi)
(
ω(X0, . . . , Xˆi, . . . Xk)
)
+
∑
0≤i<j≤k
(−1)i+jω([Xi, Xj ]A, X0, . . . , Xˆi, . . . , Xˆj, . . . Xk) ,
(2)
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for ω ∈ Γ(∧kA∗). The Jacobi identity for the bracket on A is used to prove that
d2A = 0. It turns out that differential geometric notions known from the tangent
bundle case are generalizable to Lie algebroids. Examples are Lie derivatives,
defined in the standard way as the graded commutator of dA and the insertion
map iX(ω) = ω(X, · · · ), i.e. for sections X in A, LAX = [dA, iX ] = dA ◦ iX + iX ◦
dA.
Clearly, the tangent bundle (TM, [·, ·], id) is a Lie algebroid, where the
bracket is the Lie bracket or more generally the Schouten bracket of polyvector
fields. The corresponding differential on the exterior algebra of its dual is the
standard de Rham differential. If M in addition is Poisson, also T ∗M can be
equipped with a bracket (called Koszul-Schouten bracket [Kos85]) and an anchor
in terms of the Poisson tensor, turning it into a Lie algebroid. The de Rham
differential in addition is a derivation of the Koszul-Schouten bracket, which is
a motivation for the following definition [KS95].
Definition 2. A pair (A,A∗) of a Lie algebroid A and its dual is called Lie
bialgebroid if the differential dA on Γ(∧•A∗) is a derivation of the bracket [·, ·]A∗
on Γ(∧•A∗).
One can show [MX94, KS95] that if (A,A∗) is a Lie bialgebroid, then also
(A∗, A) has this property. Lie bialgebroids are special examples of Courant
algebroids. We start by giving a definition which is equivalent to the original
definition used in [Cou90]2.
Definition 3. A vector bundle E →M equipped with a nondegenerate bilinear
form 〈·, ·〉 and a bilinear operation ◦ on sections in E, together with a bundle
map ρ : E → TM is called Courant algebroid if the following properties hold:
• s1 ◦ (s2 ◦ s3) = (s1 ◦ s2) ◦ s3 + s2 ◦ (s1 ◦ s3) for si ∈ Γ(E),
• ρ(s1 ◦ s2) = [ρ(s1), ρ(s2)] for si ∈ Γ(E),
• s1 ◦ f s2 = f(s1 ◦ s2) +
(
ρ(s1)f
)
s2 for si ∈ Γ(E), f ∈ C∞(E),
• s◦s = 12D〈s, s〉 for s ∈ Γ(E) and D : C∞(M)→ Γ(E) defined by 〈Df, s〉 =
ρ(s)f .
• ρ(e)〈s1, s2〉 = 〈e ◦ s1, s2〉+ 〈s1, e ◦ s2〉 for e, si ∈ Γ(E) .
It is important to note that the map ◦, although called the Dorfman bracket,
is not skew-symmetric in general, so we do not want to call it a bracket. However,
2We refer the reader to [KS13] for a proof of the equivalence of the definitions.
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it is related to the standard Courant bracket of two sections s1, s2 by
[s1, s2] =
1
2
(s1 ◦ s2 − s2 ◦ s1) . (3)
To see the relation to Lie bialgebroids, let (A, [·, ·]A, a) be a Lie algebroid and
(A∗, [·, ·]A∗ , a∗) be its dual such that the pair (A,A∗) is a Lie bialgebroid. Let
further E = A ⊕ A∗. We denote sections in E by X + η, Y + ω ∈ Γ(E) and
define the operation ◦ and the bilinear form 〈·, ·〉 by
〈X + η, Y + ω〉 = η(Y ) + ω(X) ,
(X + η) ◦ (Y + ω) =
(
[X,Y ]A + L
A∗
η Y − iωdA∗X
)
+
(
[η, ω]A∗ + L
A
Xω − iY dAη
)
.
(4)
Together with the bundle map determined by the two anchors, ρ(X + η) =
a(X) + a∗(η), it is possible to prove the following3
Theorem 1 ([LWX97b]). If (A,A∗) is a Lie bialgebroid, then (E, 〈·, ·〉, ◦, ρ) is
a Courant algebroid.
The corresponding Courant bracket is given by antisymmetrizing the ◦-
operation. As similar brackets play a role in double field theory, we give their
explicit form:
[X + η, Y + ω] = [X,Y ]A + L
A∗
η Y − LA
∗
ω X −
1
2
dA∗
(
Y (η)−X(ω)
)
+ [η, ω]A∗ + L
A
Xω − LAY η +
1
2
dA
(
η(Y )− ω(X)
)
.
(5)
Again, the most direct example is the case of a Poisson manifold M , where
A = TM . In the previous expression, we then have the standard Lie bracket
for [·, ·]A and the Koszul-Schouten bracket for [·, ·]A∗ [Kos85]. The differentials
are the de Rham differential on Γ(∧•A∗) and the Poisson differential (given in
terms of the Schouten-Nijenhuis bracket [Sch40, Nij55] and the Poisson tensor)
on Γ(∧•A).
2.2 Reformulation in terms of supermanifolds
The structures introduced in the previous section can be reformulated in the
language of supermanifolds. One of the advantages of this language is to get a
meaningful notion of the “sum” of the two differentials dA and dA∗ . Note that
the two operators act on different spaces but we can combine them on a single
space by interpreting them as functions hdA and hdA∗ related by a Legendre
transform L. One then has hdA + L
∗hdA∗ as a well defined sum.
3We refer to [LWX97a] for a detailed proof.
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2.2.1 Parity reversed Lie algebroids and their cotangent bundles
A detailed introduction to supermanifolds would go far beyond the scope of this
paper and is not needed in later chapters, so we refer the reader to the literature
on the subject, e.g. [CS11] . We again closely follow the exposition of [Roy99]
and begin with an informal description of elementary supergeometric notions.
Let V = V0 ⊕ V1 be a finite dimensional Z2-graded vector space.4. The
elements of V0 and V1 are called even and odd elements, respectively. We define
parity reversion Π by
(ΠV )0 = V1 and (ΠV )1 = V0 . (6)
The dimension of V is often denoted by dimV = (dimV0|dimV1). If V is a
finite dimensional even vector space, then polynomial functions on ΠV can be
identified with elements in the exterior algebra of the dual of V , i.e.
Pol•(ΠV ) ≃ ∧•V ∗ . (7)
Considering the super-vectorspace R(n|m) and an open subset U0 ⊂ Rn, poly-
nomials in the odd variables with coefficients depending smoothly on the even
variables in U0 are smooth functions on the superdomain U (n|m). They form
the supercommutative algebra C∞(U) ⊗ ∧•(Rm)∗. The idea of a supermani-
fold is to have coordinate patches given by superdomains of the form U (n|m).
We are not going to introduce locally ringed spaces to make the notion of a
supermanifold precise, but only mention the possibility of defining symplectic
(and Poisson) supermanifolds. A symplectic form ω on a supermanifold Q with
even coordinates xi and odd coordinates ξm, is a closed and non-degenerate
two-form5
ω =
1
2
ωijdx
i ∧ dxj + ωimdxi ∧ dξm + ωmndξm ∧ dξn , (8)
with skew-symmetric part ωij and symmetric part ωmn. Poisson brackets are
defined similarly to the purely even case, but having in mind the graded nature
of the ξm, e.g.
{ξm, ξn} = {ξn, ξm} . (9)
Remark 4. There is an alternate point of view using a Z-grading. For a Z-
graded module V =
⊕
Vn over a commutative ring R, denote by sV the graded
4The grading is often called parity.
5Which can be seen as a quadratic function on ΠTQ as we explained before.
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module sV =
⊕
(sV )n+1 where (sV )n+1 is isomorphic to Vn. Read “s” as
suspension or shift. For a free graded commutative algebra R[V ] generated by
V , consider the free graded commutative algebra R[sV ]. For V of finite rank in
each degree, R[V ] splits as R[Veven]⊗ ΛVodd and similarly for R[sV ].
Let us now come to the cases important for the following sections. Starting
with a Lie algebroid A and a dual Lie algebroid A∗, we can apply the parity
reversion functor fiberwise. If ei and ei denote basis elements of local frames
of A and A∗, respectively, we will denote the corresponding anti-commuting
versions by
Πei = ξi , Πei = θi . (10)
As explained above, elements in Γ(∧•A∗) can be seen as functions on ΠA, thus
we choose as local coordinates on ΠA the set (xi, ξj). Similarly we take (xi, θj)
as coordinates on ΠA∗. As a consequence, derivations on Γ(∧•A∗) can now be
interpreted as vector fields on ΠA and similarly for ΠA∗. In the case of the pair
of Lie algebroids (A,A∗), we want to give local expressions for dA and dA∗ . Let
the anchor a on A and the structure constants be given by6
a(ei) = a
j
i∂j , [ei, ej ]A = f
k
ijek , (11)
then the vector field corresponding to dA (which we denote by the same expres-
sion) is given by
dA = a
j
i (x)ξ
i∂j − 1
2
fkij(x)ξ
iξj
∂
∂ξk
. (12)
Dually, if we have for the anchor and structure constants on A∗:
a∗(e
i) = aij∂j , [e
i, ej]A∗ = Q
ij
k e
k , (13)
the dual vector field is given similarly by
dA∗ = a
ij(x)θi∂j − 1
2
Q ijk (x)θiθj
∂
∂θk
. (14)
For Lie algebroids, dA and dA∗ square to zero or, in terms of the graded com-
mutator of vector fields, [dA, dA] = 0 and similarly for dA∗ . Vector fields of this
type are called homological (following Vaintrob) and therefore we can rephrase
the definition of a Lie algebroid in the following form:
6As a standard example, one can take for A the tangent bundle of a Poisson manifold M .
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Definition 5. A vector bundle A→M is called Lie algebroid if there exists a
homological vector field dA of degree 1 on the supermanifold ΠA.
We remark that the structure constants f and Q appearing in the previous
homological vector fields have properties similar to the f - and Q-fluxes in string
theory and therefore we use this notation.
2.2.2 Legendre transform and Lie bialgebroid condition
Similar to the purely even case, the cotangent bundles of ΠA and ΠA∗ are sym-
plectic supermanifolds. Denoting the coordinates on T ∗ΠA by (xi, ξj , x∗i , ξ
∗
j ),
where ∗ denotes the linear dual, the canonical Poisson brackets are given by
{xi, x∗j} = δij , {ξi, ξ∗j } = δij , (15)
with all the other combinations vanishing. The same statement holds for T ∗ΠA∗,
whose local coordinates should be denoted by (xi, θj , x∗i , θ
j
∗). The relation be-
tween the TΠA and T ∗ΠA is given by a symplectomorphism, the Legendre
transform7 L : T ∗ΠA → T ∗ΠA∗. It associates the fibre coordinates ξi on ΠA
to the conjugate momenta θi∗ on ΠA
∗, i.e. in local coordinates on T ∗ΠA:
L(xi, ξj , x∗i , ξ
∗
j ) = (x
i, ξ∗j , x
∗
i , ξ
j) . (16)
To get familiar with the Legendre transform, we represent sections X ∈
Γ(A), ω ∈ Γ(A∗) as functions on T ∗ΠA. The situation is given by the following
diagram:
T ∗ΠA
L→ T ∗ΠA∗
↓ p ↓ p¯
ΠA ΠA∗
(17)
First, let X = X i(x)ei ∈ Γ(A) or, similarly, Y = Y i(x)θi as a function on ΠA∗.
Then the interior derivative iX as a vector field on ΠA is given by iX =
X i(x) ∂
∂ξi
, which can be written as a function on T ∗ΠA as hiX = X
i(x)ξ∗i and
we have
L∗p¯∗X = L∗
(
Y i(x)θi
)
= X i(x)ξ∗i = hiX . (18)
Similarly a section ω = ωi(x)ei ∈ Γ(A∗) gives rise to the function ηi(x)ξi. The
interior derivative iω is given by the vector field iω = ωi(x) ∂∂θi on ΠA
∗ and thus
is a function hiω = ωi(x)θ
i
∗ on T
∗ΠA∗. We have
L∗hiω = L
∗
(
ωi(x)θ
i
∗
)
= ηi(x)ξ
i = p∗ω . (19)
7For a detailed motivation, we refer the reader to [MX94] or [Roy99].
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Furthermore it is possible to interpret the differentials dA and dA∗ as functions
on T ∗ΠA, again with the help of the pullback by L in the case of dA∗ . In local
coordinates we have
hdA = a
j
i (x)x
∗
j ξ
i − 1
2
fkij(x)ξ
iξjξ∗k
L∗hdA∗ = a
ij(x)x∗i ξ
∗
j −
1
2
Q ijk (x)ξ
kξ∗i ξ
∗
j .
(20)
Thus, we can define a meaningful sum of the two differentials as functions on
T ∗ΠA, namely
µ = hdA + L
∗hdA∗ .
As an application of this rewriting, we state a theorem which gives an elegant
characterization of a Lie bialgebroid, a detailed proof being given in [Roy99]:
Theorem 2. A pair of dual Lie algebroids (A,A∗) is a Lie bialgebroid if and
only if {µ, µ} = 0.
This theorem is enough motivation for a definition of the Drinfel’d double
of a Lie bialgebroid.
Definition 6. The Drinfel’d double of a Lie bialgebroid (A,A∗) is given by
T ∗ΠA together with the homological vector field D = {µ, ·}.
Remark 7. In [Mac11], Mackenzie refers to the non-super version as the cotan-
gent double of (A,A∗), distinguishing it from the Courant algebroid A⊕ A∗ of
[LWX97a]. The super approach helps to explain some commonality of these
various notions.
We will see in later sections that, in a suitable choice of coordinates, the
Drinfel’d double and especially the corresponding homological vector field will
play a dominant role in making contact with the structures arising in string
theory. Before establishing these results, we will digress into a very basic review
of important aspects of double field theory.
3 Glances at double field theory
It is now time to pause the exposition of supermathematical language and to
review a selection of elements of double field theory. Closed string theory with
toroidal target space geometries exhibits two different sets of “momenta”. On
the one hand, there are the standard momenta canonically conjugate to the
center of mass coordinates of the string. But in addition there is the possibility
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of a string winding around compact directions, resulting in winding degrees of
freedom. Taking the latter onto a similar footing as the standard momentum,
the resulting coordinates conjugate to winding give a second set of coordinates
referred to as winding coordinates. The physical fields depend on both sets of
coordinates.
Remark 8. In DFT, it is the coordinates that are doubled and ‘double fields’
refer to fields which depend on both sets of coordinates. Thus we also refer to
double functions, double vector fields, double forms, etc.
3.1 Winding, double fields and the strong constraint
In order to motivate these concepts, we choose the simplest example of closed
string theory with toroidal target space equipped with a metric G and Kalb-
Ramond B-field (i.e. a two-form on T d), both being constant.
The corresponding sigma model is given in terms of maps X : Σ→ T d from
a two-dimensional domain Σ = R×S1 to a d-dimensional torusM = T d. Taking
coordinates (τ, σ) on the world sheet Σ, the action reads:
S =
1
4π
∫ 2pi
0
dσ
∫ ∞
0
dτ
(
hαβ∂αX
i∂βX
jGij + ǫ
αβ∂αX
i∂βX
jBij
)
. (21)
We use the two-dimensional diagonal metric h = diag(−1, 1) and the antisym-
metric symbol ǫ with the convention ǫ01 = −1. The latter is used to indicate
that this term is a two-form on the world sheet.
Furthermore ∂α = (∂τ , ∂σ) and we assume the periodicity X i = X i + 2π in
terms of the torus coordinates.
The momentum Pi canonically conjugate to the target space coordinate X i
is given by
Pi =
1
2π
(
Gij∂τX
j +Bij∂σX
j
)
, (22)
and the Hamiltonian density corresponding to the Lagrangian in (21) is deter-
mined to be
h =
1
4π
(
∂σX, 2πP
)
H(G,B)
(
∂σX
2πP
)
, (23)
where we introduced the generalized metric H, a symmetric bi-linear form on the
direct sum TM ⊕T ∗M , depending on the metric G and B-field in the following
way:
H(G,B) =
(
G−BG−1B BG−1
−G−1B G−1
)
. (24)
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Classical solutions to the equations of motion of the sigma model (21) with
periodic boundary conditions are given by the sum of a left- and a right-moving
part,
X iR =x
i
0R + α
i
0(τ − σ) + i
∑
n6=0
1
n
αine
−in(τ−σ) ,
X iL =x
i
0L + α¯
i
0(τ + σ) + i
∑
n6=0
1
n
α¯ine
−in(τ+σ) ,
(25)
with constants x0R, x0L, oscillator coefficients αin, α¯
i
n, n 6= 0 and zero modes
αi0, α¯
i
0 given in double momentum space by:
αi0 =
1√
2
Gij
(
pj − (Gjk +Bjk)wk
)
,
α¯i0 =
1√
2
Gij
(
pj + (Gjk −Bjk)wk
)
,
(26)
where the wi are defined by wi = 12pi
∫ 2pi
0 ∂σX
i. The pj are interpreted as
the canonical momenta similarly to the point particle case, but in addition
there is the momentum corresponding to winding, given by wk. The motivation
to consider a doubling of coordinates is to take the two sets of momenta as
canonically conjugate to two different sets of coordinates, in the sense that for
canonical quantization we get the following operators:
pi ≃ 1
i
∂
∂xi
, and wi ≃ 1
i
∂
∂x˜i
. (27)
Note, that this introduction of a double set of coordinates is a consequence
of the appearance of winding degrees of freedom in the classical solution (25) of
the closed string sigma model. Taking this idea further, classical double fields
are real or complex functions (or more generally sections in the appropriate
tensor bundles), depending on both sets of coordinates. Note the coordinates
are doubled, not the functions, vector fields, forms, etc.
Furthermore, physical fields in DFT are restricted by the strong constraint8.
E.g. for scalar fields φ(xi, x˜i) and ψ(xi, x˜i) this constraint is given by
∂iφ(x
i, x˜i)∂˜
iψ(xi, x˜i) + ∂˜
iφ(xi, x˜i)∂iψ(x
i, x˜i) = 0 , (28)
where the ∂˜i are the partial derivatives with respect to the x˜i-coordinates, as
given in (27). We will interpret this condition in terms of the Drinfel’d double
in later sections. But for the next subsection, we take these ingredients more or
less axiomatically and review results of double field theory.
8We are not going to elaborate on its origin, but refer the reader to the literature, e.g.
[HHZ10a].
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3.2 Spacetime action and gauge algebra
The evolution of DFT in the last decade has many faces and different routes.
We are not in a position to describe all of its physical motivations coming from
areas as different as gauged supergravity or string field theory. Even citing
all of the literature is a complicated task and so we refer the reader to the
expositions which provided us with a trail through the world of double field
theory ([HZ09b, Zwi12, HZ09a]).
One of the main results achieved so far is to formulate a spacetime action
for fields depending on the doubled set of coordinates, having a global O(d, d)
symmetry (motivated by the action of T-duality at the spacetime level) and
reproducing the standard low energy effective string action when reduced to
half of the coordinates:
S =
∫
ddx
√
− detG e−2Φ
(
R+ 4∂iφ∂iφ− 1
12
HijkH
ijk
)
. (29)
We denote the field strength of the Kalb-Ramond field by H = dB, by Φ(x) the
string dilaton and by R the Ricci scalar determined by the metric Gij .
The double field action having these properties depends on the doubled
dilaton D(x, x˜) and the generalized metric HMN (G(x, x˜), B(x, x˜))9 defined in
(24), but now also allowed to depend on the doubled set of coordinates. It is
given by:
SH =
∫
dxdx˜e−2D
(1
8
HMN∂MHKL∂NHKL − 1
2
HMN∂NHKL∂LHMK
2∂MD∂NHMN + 4HMN∂MD∂ND
)
.
(30)
Remark 9. The notation we use here makes global O(d, d)-symmetry manifest.
On a d-dimensional vector space V , O(d, d)-transformations are defined by the
requirement
AηAt = η , A ∈ O(d, d) , (31)
where η is the bilinear form on on V ⊕ V ∗ represented in matrix form by
ηMN =
(
0 id
id 0
)
. (32)
9In the following, we denote pairs of indices corresponding to the doubled coordinates by
capital letters. Mathematically they correspond to the structure of the direct sum of the
tangent- and cotangent bundle of the physical configuration space, but coefficient functions
depending on both sets of coordinates. As an example we have V N =
(
V i(x, x˜), Vi(x, x˜)
)
and VN =
(
Vi(x, x˜), V
i(x, x˜)
)
.
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Indices M,N are raised and lowered by contraction with ηMN or its inverse
ηMN .
Instead of discussing problems of this action such as the integration mea-
sure or covariance and attempts to provide solutions, we are going to state one
additional symmetry [HZ09b] of the action which we are going to interpret math-
ematically in the following section. Let Σ be the pair (X(xi, x˜j), ω(xi, x˜j))10.
We will refer to objects of this kind as “double vectors” in the following. In
addition, locally define the generalized derivative LΣ to act on double scalars
and double vectors in the following way:
LΣφ =ΣM∂Mφ ,
(LΣV )M =ΣK∂KVM + (∂MΣK − ∂KΣM )VK ,
(LΣW )M =ΣK∂KWM − (∂KΣM − ∂NΣK)WK ,
(33)
and extended as a derivation to double fields with more indices, similarly to the
standard Lie derivative on vector fields.
It turns out that the double field action (30) is invariant under transforma-
tions given by the action of the generalized Lie derivative, meaning for the fields
HMN and d:
δΣHMN = (LΣH)MN ,
δΣe
−2d = ∂M
(
ΣMe−2d
)
,
(34)
where the latter is the generalization of the transformation of a scalar density to
double fields. To get information about the nature of the generalized Lie deriva-
tive and the bracket structure underlying the space of double vectors, it is impor-
tant to consider the commutator of two generalized Lie derivatives. It is given
for Σ1(xi, x˜j) = (X(xi, x˜j), η(xi, x˜j)) and Σ2(xi, x˜j) = (Y (xi, x˜j), ω(xi, x˜j)) by[
LΣ1 ,LΣ2
]
= −L[Σ1,Σ2]C , (35)
where the bracket determining the algebra of “double sections” is given by the
C-bracket. Note that the geometric meaning of “double sections” is not obvious
at this point in our exposition of double field theory and we only use it as
a name for pairs given above. We will provide an interpretation in the next
section, which leads to the right bracket structure.
Because the C-bracket will be the starting point of relating the geometry
of symplectic supermanifolds to the algebraic relations for doubled sections, we
10I.e. in components (Σ)M = (Xi, ηj).
16 Andreas Deser and Jim Stasheff
state the component form for this bracket in full detail. In O(d, d)-notation, it
is given by:
(
[Σ1,Σ2]C
)M
= ΣK1 ∂KΣ
M
2 − ΣK2 ∂KΣM1 −
1
2
(
ΣK1 ∂
MΣ2K − ΣK2 ∂MΣ1K
)
,
(36)
or, if we sort by the various components of different type, we get:
(
[X,Y ]C
)
i
= 0 ,
(
[X,Y ]C
)i
= Xk∂kY
i − Y k∂kX i ,(
[X,ω]C
)
i
= Xk∂kωi − 1
2
(Xk∂iωk − ωk∂iXk) ,(
[X,ω]C
)i
= − ωk∂˜kX i − 1
2
(Xk∂˜iωk − ωk∂˜iXk) ,(
[η, Y ]C
)
i
= − Y k∂kηi + 1
2
(
Y k∂˜iηk − ηk∂˜iY k
)
,(
[η, Y ]C
)i
= ηk∂˜
kY i +
1
2
(
Y k∂˜iηk − ηk∂˜iY k
)
,(
[η, ω]C
)
i
= ηk∂˜
kωi − ωk∂˜kηi ,
(
[η, ω]C
)i
= 0 .
(37)
Mathematically, it is not clear at this point how to interpret doubled sec-
tions, having vector- and form-like parts but depending on a doubled set of
coordinates.
The algebra of gauge transformations parametrized by these objects is gov-
erned by the C-bracket and the transformations are a symmetry of the double
field spacetime action. In the following we are going to re-interpret double fields
as functions on an even symplectic supermanifold and derive the expression for
the C-bracket by using its Poisson algebra.
4 C-bracket and strong constraint from Poisson
algebra
After these mainly introductory sections, we will now choose a specific setting
to derive the C-bracket and the strong constraint of double field theory in a
purely algebraic way. Starting with a configuration space manifold M , we use
the even symplectic structure of T ∗ΠTM introduced in section 2. The main
argument to connect to double field theory will be the choice of two different
sets of canonical momenta and their conjugate coordinates.
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4.1 Two sets of momenta and the C-bracket
As we have seen in the previous subsection on double field theory, dynamical
fields depend on 2n coordinates if the physical configuration space has dimension
n. To make contact with physical observables, one has to reduce the number of
coordinates. In the following, we will start with an n-dimensional configuration
space M and define two different sets of momenta pa and p˜a on T ∗ΠTM being
related to the original even momenta x∗i by the addition of an even combination
of the ξi and ξ∗i . Thus we implicitly get two different sets of coordinates x
a, x˜a
and have achieved a “formal” doubling of the configuration space. The justifica-
tion of this procedure is given by the exact reproduction of the C-bracket and
the strong constraint of double field theory.
The choice of two sets of momenta on T ∗ΠTM is canonically given by the
form of the differentials dA and dA∗ introduced in previous sections. For conve-
nience, we now set A = TM , and thus A∗ = T ∗M . The definition of the new
momenta, with index a, is dictated by:
hdA =ξ
i
(
aji (x)x
∗
j −
1
2
fkij(x)ξ
jξ∗k
)
=: ξapa ,
hdA∗ =ξ
∗
i
(
aijx∗j +
1
2
Q ijk ξ
kξ∗j
)
=: ξ∗a p˜
a .
(38)
Clearly, the two sets pa, p˜a are related to each other, so to get one independent
set of variables again, we have to choose one set or a specific combination of
both. One way is given by the strong constraint in double field theory and will
be the topic of the next subsection. First, we will use the momenta and their
canonically conjugate variables to derive the C-bracket in an algebraic way.
The conjugate variables xa, x˜a are defined by the standard Poisson algebraic
relations:
{pa, xb} = δba , {p˜a, x˜b} = δab , (39)
and we will label functions f on the configuration spaceM by f(xi) = f(xa, x˜a),
which is well-defined because the xa, x˜a are related to the original coordinates xi
by a coordinate transformation and the possible addition of even combinations
of the ξi and ξ∗i . Finally, to state the main result of this section, a derivation of
the C-bracket of double field theory in terms of the Poisson algebra on T ∗ΠA,
we introduce a unified notation for the lift of vector fields and one-forms to
T ∗ΠA: Let p : T ∗ΠA→ Π(A⊕A∗) be the projection such that
p∗X = L∗p¯∗X = hiX for X ∈ Γ(A) ,
p∗ω = p∗ω for ω ∈ Γ(A∗) .
(40)
18 Andreas Deser and Jim Stasheff
In local coordinates, this means for the lifts of vector fields and one-forms to
functions on T ∗ΠA:
p∗(X iei) = X
iξ∗i , p
∗(ωje
j) = ωjξ
j . (41)
As noticed above, we can view the coordinate functions X i, ωj as being de-
pendent on the two sets of coordinates: X i(x, x˜), ωj(x, x˜). Then one has the
following result:
Theorem 3. Let X + η and Y + ω be sections of A ⊕ A∗ with corresponding
lifts to T ∗ΠA given by Σ1 = p∗(X + η), Σ2 = p∗(Y + ω). In addition, let the
bilinear operation ◦ be defined as
Σ1 ◦ Σ2 =
{
{ξapa + ξ∗ap˜a,Σ1},Σ2
}
. (42)
Then the C-bracket of Σ1 and Σ2 in double field theory is given by
[Σ1,Σ2]C =
1
2
(
Σ1 ◦ Σ2 − Σ2 ◦ Σ1
)
. (43)
Proof. The proof is done by explicit calculation in local coordinates. As this
illustrates the use of lifting to functions on T ∗ΠA, we list the explicit steps. We
first note that
[Σ1,Σ2]C = [p
∗X, p∗Y ]C + [p
∗X, p∗ω]C + [p
∗η, p∗Y ]C + [p
∗η, p∗ω]C , (44)
and compute the various terms separately. For the mixed terms we have:
p∗X ◦ p∗ω ={{ξapa + ξ∗a p˜a, X i(x, x˜)ξ∗i }, ωj(x, x˜)ξj}
={∂aX iξaξ∗i +Xapa + ∂˜aX iξ∗aξ∗i , ωjξj}
=ωi∂aX
iξa +Xa∂aωjξ
j + ωi∂˜
aX iξ∗a − ωa∂˜aX iξ∗i
=(ωk∂iX
k +Xk∂kωi)ξ
i + (ωk∂˜
iXk − ωk∂˜kX i)ξ∗i .
(45)
Analogously, we have
p∗ω ◦ p∗X =(Xk∂iωk −Xk∂kωi)ξi + (Xk∂˜iωk + ωk∂˜kX i)ξ∗i . (46)
Thus we get for the C-bracket:
[p∗X, p∗ω]C =
1
2
(p∗X ◦ p∗ω − p∗ω ◦ p∗X)
=
(
Xk∂kωi − 1
2
(Xk∂iωk − ωk∂iXk)
)
ξi
+
(
−ωk∂˜kX i − 1
2
(Xk∂˜iωk − ωk∂˜iXk)
)
ξ∗i .
(47)
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A similar calculation leads to [p∗η, p∗Y ]C . By using the same algebra as before,
we can also compute the parts consisting of pure vector fields and pure one-
forms:
[p∗X, p∗Y ]C = (X
k∂kY
i − Y k∂kX i)ξ∗i ,
[p∗η, p∗ω]C = (ηk ∂˜
kωi − ωk∂˜kηi)ξi .
(48)
which is manifestly the C-bracket (37) encountered in the section on double field
theory.
Remark 10. This form of the C-bracket in terms of a two-fold Poisson bracket
shows that it is a derived structure in the sense of [Vor05b, Vor05a].
4.2 Drinfel’d double and the strong constraint
Having established an interpretation of the gauge algebra of double field theory
in terms of the symplectic structure on T ∗ΠTM , it is natural to ask about the
meaning of the conditions defining the Drinfel’d double as given in definition 6.
Recall, that for µ = hdA + L
∗hdA∗ , as consequence of {µ, µ} = 0, the operator
D = {µ, ·} is a homological vector field. Additionally in the last section we
introduced momenta pa and p˜a to rewrite µ as µ = paξa + p˜aξ∗a.
Let φ(xi, x˜i) and ψ(xi, x˜i) be two functions on T ∗ΠTM depending on the
coordinates xi and x˜i. Using the homological vector field D, we get
0 = D2φ =
{
µ, {µ, φ}
}
=
{
pbξ
b + p˜bξ∗b , {paξa + p˜aξ∗a , φ}
}
=
{
pbξ
b + p˜bξ∗b , ∂aφ ξ
a + ∂˜aφ ξ∗a
}
= pa∂˜
aφ+ p˜a∂aφ .
(49)
Taking furthermore the bracket with the second function ψ(xi, x˜i), we get
0 = {D2φ, ψ}
= {p˜a∂aφ+ pa∂˜aφ, ψ}
= ∂aφ ∂˜
aψ + ∂˜aφ∂aψ .
(50)
Following the interpretation of double scalar fields as functions on T ∗ΠTM ,
depending on xa and x˜a, we recover the strong constraint of double field theory.
As this is an essential constraint that physical fields in DFT should obey, we
can also say that the gauge algebraic structure of the latter is governed by the
Drinfel’d double of the Lie bialgebroid (A = TM,A∗ = T ∗M). In the following
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section we will see how solutions to the strong constraint result into the familiar
Courant brackets used in DFT and in Poisson geometry.
Remark 11. We remark that there are also different constraints for physical
fields used in the literature on DFT. We leave it for future work to interpret also
these types of conditions in terms of symplectic geometry on T ∗ΠTM .
4.3 Projection to half of the coordinates
As we have seen, the strong constraint can be interpreted for functions on
T ∗ΠTM as the Drinfel’d double condition for a Lie bialgebroid. In DFT, phys-
ical fields have to obey the strong constraint. Different solutions to the latter
correspond to different physical “frames” (sometimes called polarizations), re-
lated by O(d, d) transformations, if M is d-dimensional. In the following we are
going to interpret the simplest solution to the strong constraint in terms of the
geometric language of the last sections.
To begin with, let us recall the following observation related to the C-bracket
of double field theory (e.g. [HZ09b]) for the simplest solution of the strong con-
straint: Considering only fields depending on xi (i.e. setting all the derivatives
∂˜i to zero), the C-bracket reduces to the original Courant bracket of [Cou90],
i.e. for pairs (X i(x), ηj(x)) and (Y i(x), ωj(x)), the C-bracket reduces to:
[X + η, Y + ω]Cour := [X,Y ] + LXω − LY η + 1
2
d(iY η − iXω) . (51)
From the viewpoint of the last sections, dropping the dependence on x˜i is equiv-
alent to setting the canonical momenta conjugate to these coordinates to zero,
i.e. p˜i = 0. We will now show that this reproduces the bracket (51) by doing a
similar calculation as in the proof of theorem 3. Let Σ1 = Xm(x)ξ∗m+ ηm(x)ξ
m
and Σ2 = Y k(x)ξ∗k + ωk(x)ξ
k be the lifts of the above pairs to functions on
T ∗ΠTM . Then we have:
Σ1 ◦ Σ2 =
{
{paξa, Xmξ∗m + ηmξm}, Y kξ∗k + ωkξk
}
=
{
paX
a + ∂aX
mξaξ∗m + ∂aηmξ
aξm, Y kξ∗k + ωkξ
k
}
=(Xk∂kY
i − Y k∂kX i)ξ∗i
+ (Xk∂kωi + ωk∂iX
k + Y k∂iηk − Y k∂kηi)ξi .
(52)
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Antisymmetrization of this expression gives the result
1
2
(Σ1 ◦ Σ2 − Σ2 ◦ Σ1) = (Xk∂kY i − Y k∂kX i)ξ∗i
+
(
Xk∂kωi −Xk∂iωk + 1
2
∂i(X
kωk)
− Y k∂kηi + Y k∂iηk − 1
2
∂i(Y
kηk)
)
ξi ,
(53)
which is just the bracket (51), lifted to a function on T ∗ΠTM . As a result,
we are able to reproduce this case of reducing to physical fields in terms of
symplectic geometry of the Drinfel’d double.
5 Conclusion and outlook
Even symplectic supermanifolds give the possibility to interpret mathematically
the notion of a double field and the gauge algebra of DFT. The C-bracket is
given by Poisson brackets and the strong constraint is a consequence of the
condition determining the Drinfel’d double of a Lie bialgebroid.
These results are a sufficient motivation for continuing this supermathema-
tical viewpoint on DFT. Still restricting to the gauge algebra of the latter, an
open physical question is the appropriate inclusion of three-forms and skew-
symmetric three-tensor fields (which are the “fluxes” in string theory) into the
algebra. The advantage of the supermathematical language is the fact that
there is an immediate possibility to achieve this: Let (A,A∗) be a pair of Lie
algebroids in duality, H ∈ Γ(∧3A∗) a three-form on A and R ∈ Γ(∧3A) a three-
vector on A. Consider now the lifts of these quantities to T ∗ΠA by using in
addition the Legendre transform for the vectors. If, according to [Roy99], one
defines:
ν = hdA + L
∗hdA∗ + p
∗H + L∗p¯∗R , (54)
a proto-bialgebroid is given by the supermanifold T ∗ΠA together with the con-
dition that {ν, ν} = 0. Appropriate Dorfman-type brackets are formulated in
[Roy99]. An important question for future work is to compare this to the physics
of double fields and the appearance of H- and R-fluxes there, especially the right
inclusion of the parts depending on the winding coordinates. Furthermore the
relation of the condition on ν to the Bianchi-identities of [BDPR12] has to be
explored.
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